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SYMBOLS

Symbol Description

A Class of analytic functions of the form
f(z)=z+> " a,2" (2€U)

arg Argument

C Complex plane

f*xg Convolution or Hadamard product of functions f and g

H(U) Class of analytic functions in U

Ry Imaginary part of a complex number

< Subordinate to

K Class of convex functions in U

K(a) Class of convex functions of order «v in U

K(¢) {(feA: 1+358 <4(2))

k(z) Koebe function

M Class of meromorphic functions of the form
flz) =+ 20 a2 (2 €U)

M(a) {(feA:HE 02 (L1<B<A<la>1)}

R Set of all real numbers

R Real part of a complex number

R, Class of prestarlike functions of order v in U

S Class of all univalent functions in U

S* Class of starlike functions in U

S*(«) Class of starlike functions of order v in U

5*(¢) {fe A: 48 <4(2))

S*[A, B] {feA: L8 < 1oy

SP(a, A, B) {feA: e"azjfég) < cosaEEE +isina

(-1<B<A<10<a<1)}



U*

Class of parabolic starlike functions in U
Subclass of A consisting of functions of the form
[ =2 S, e (€ U)

Open unit disk {z € C : |z] < 1}

Punctured unit disk U \ {0}

Set of all integers
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KONVOLUSI, PEKALI DAN MASALAH JEJARI UNTUK FUNGSI
UNIVALEN TERTENTU

ABSTRAK

Suatu fungsi f yang tertakrif dalam cakera unit U := {z € C : |z] < 1} dalam
satah kompleks C dikatakan univalen jika fungsi tersebut memetakan titik berlainan
dalam U ke titik berlainan dalam C. Andaikan A kelas fungsi analisis ternormalkan

yang tertakrif dalam U dan mempunyai siri Taylor dalam bentuk
(0.0.1) f(z)=z+ Z anz".
n=2

Suatu fungsi f dikatakan subordinasi kepada suatu fungsi univalen F' jika f(0) = F'(0)
dan f(U) C F(U). Hasil darab Hadamard atau konvolusi dua fungsi analisis, f
berbentuk yang seperti (0.0.1) dan g(z) = z+ >~ b,2", ditakrif sebagai

o0

(fxg)(2) = Z anbp2".

n=1

Andaikan M kelas fungsi meromorfi, h berbentuk
(0.0.2) hz) =~ 4 i n
.0. z)=— anz",
< n=0

yang analisis dan univalen dalam U* = {z : 0 < |z| < 1}. Konvolusi dua fungsi
meromorfi h dan k, dengan h diberi dalam bentuk (0.0.2) dan k(z) = 14+>"7°  b,2",

ditakrif sebagai

1 [o@)
h«*k = — 2"
(hxk)(z) Z—i-nzzoa z

Dengan menggunakan ciri-ciri konvolusi dan teori subordinasi, beberapa subkelas
fungsi meromorfi diperkenalkan. Dengan mensubordinasikan fungsi di dalam kelas
ini dengan suatu fungsi cembung ternormalkan yang mempunyai nilai nyata positif,
subkelas-subkelas ini merangkumi subkelas klasik meromorfi bak-bintang, cembung,
hampir-cembung dan kuasi-cembung. Hubungan kelas dan ciri-ciri konvolusi subkelas-

subkelas ini juga dikaji.

vii



Andaikan T subkelas A yang mengandungi fungsi ¢t dalam bentuk

o

t(z) =2z — Z la,|2".

n=2

Silverman [44] telah menyiasat subkelas T yang mengandungi fungsi bak-bintang
peringkat v dan cembung peringkat « (0 < o < 1). Dengan motivasi ini, pelbagai
subkelas 1" telah dikaji. Kelas T'[{b;}7°. |, 3, m] yang ditakrifkan secara am akan dikaji
dan anggaran pekali, teorem pertumbuhan dan beberapa keputusan untuk kelas ini

diperoleh. Keputusan ini merangkumi beberapa keputusan awal sebagai kes khas.

Untuk pemalar kompleks A dan B, andaikan S*[A, B] kelas yang mengandungi

fungsi analisis ternormalkan yang mematuhi zj{;ﬁj) < }igz

Jejari bak-bintang per-
ingkat «, jejari bak-bintang kuat dan jejari bak-bintang parabola diperoleh untuk kelas

S*[A, B]. Keputusan ini juga merangkumi beberapa keputusan awal.

viii



CONVOLUTION, COEFFICIENT AND RADIUS PROBLEMS OF
CERTAIN UNIVALENT FUNCTIONS

ABSTRACT

A function f defined on the open unit disc U := {z € C : |z| < 1} of the
complex plane C is univalent if it maps different points of U to different points in C.
Let A denote the class of analytic functions defined on U which is normalized and

has the Taylor series of the form
(0.0.3) f(z) =2+ Z an2".
n=2

The function f is subordinate to a univalent function F' if f(0) = F(0) and f(U) C
F(U). Hadamard product or convolution of two analytic functions f, given by (0.0.3)

and g(z) = z+ >~ , b,z" is given by

(fxg)(2) = Z anbp2".

n=1

Let M denote the class of meromorphic functions h of the form

1 o)
0.0.4 h(z) = - nz"
(0.0.4) ()=~ + ;a z

that are analytic and univalent in the punctured unit disk U* = {z : 0 < |2] < 1}.
The convolution of two meromorphic functions i and k, where h is given by (0.0.4)

and k(z) = £+ > 07 b,2", is given by

1 o0
h«*k = — nbn 2"
(hxk)(2) Z—l—;a z

By making use of the properties of convolution and theory of subordination, sev-
eral subclasses of meromorphic functions are introduced. Subjecting each convoluted-
derived function in the class to be subordinated to a given normalized convex function
with positive real part, these subclasses extend the classical subclasses of meromor-
phic starlikeness, convexity, close-to-convexity, and quasi-convexity. Class relations,

as well as inclusion and convolution properties of these subclasses are investigated.



Let T" denote the subclass of A consisting of functions ¢ of the form

o

t(z) =2z — Z la,|2".

n=2

Silverman [44] investigated the subclasses of T' consisting of functions which are
starlike of order o and convex of order o (0 < o < 1). Motivated by his work, many
other subclasses of 1" were studied in the literature. The class T'[{b}5°, ., 3, m] which
is defined in a general manner is studied and the coefficient estimate, growth theorem
and other results for this class are obtained. Our results contain several earlier results

as special cases.

For complex constants A and B, let S*[A, B] be the class consisting of nor-

zf'(2) 1+A
o) < 1iBe

order «, radius of strong-starlikeness, and radius of parabolic-starlikeness are obtained

The radius of starlikeness of

malized analytic functions f satisfying

for S*[A, B]. Several known results are shown to be simple consequences of results

derived here.



CHAPTER 1

INTRODUCTION

The theory of univalent functions is a remarkable area of study. This field which
is more often associated with 'geometry’ and 'analysis’ has raised the interest of many
since the beginning of 20th century to recent times. The name univalent functions or
schlicht (the German word for simple) functions is given to functions defined on the
open unit disc U := {z € C : |z| < 1} of the complex plane C that are characterized

by the fact that such a function provides one-to-one mapping onto its image.

Let H(U) be the class of all analytic functions on U and A denote the class
of analytic functions defined on U which is normalized by the condition f(0) = 0,

f/(0) =1 and has the Taylor series of the form
f(z)=2z+ Zanz".
n=2

Geometrically, the function f is univalent if f(z;) = f(z2) implies z; = 29 in U and is
locally univalent at zy € U if it is univalent in some neighborhood of z;. The subclass

of A consisting of univalent functions is denoted by S.

The Koebe function k(z) = z/(1 — 2)? is a univalent function and it plays a
very significant role in the study of the class S. In fact, the Koebe function and its
rotations e *“k(e*®z), o € R are the only extremal functions for various problems in
the class §. For example, the famous findings of Bieberbach. In 1916, Bieberbach
proved that if f € S, then the second coefficient |ay| < 2 with equality if and only if f
is a rotation of the Koebe function. He also conjectured that |a,| < n, (n =2,3,---)

which is generally valid and this was proved by de Branges [6] in 1985.



Several special subclasses of analytic univalent functions play prominent role in
the study of this area. Notable among them are the classes of starlike and convex

functions.

Let wy be an interior point of a set D in the complex plane. The set D is
starlike with respect to wy if the line segment joining w, to every other point in D
lies in the interior of D. If a function f € A maps U onto a starlike domain, then f

is a starlike function. The class of starlike functions with respect to origin is denoted

nfpean(5) o)

A set D in the complex plane is convex if for every pair of points w; and wy in

by S*. Analytically,

the interior of D, the line segment joining w; and wy lies in the interior of D. If a
function f € A maps U onto a convex domain, then f is a convex function. Let K
denote the class of all convex functions in .A. An analytic description of the class K

is given by

K::{feAzé)%(lJrZJ{,/;(j))) >o}.

The well known connection between these two classes was first observed by Alexander
in 1915. The Alexander theorem [2] states that for an analytic function f, f(z) € K

if and only if zf’(2) € S*.

Ma and Minda gave a unified presentation of these classes by using the method
of subordination. For two functions f and g analytic in U, the function f is subordi-

nate to g, written
f(z) <g(z) (2€U),

if there exists a function w, analytic in U with w(0) = 0 and |w(z)| < 1 such that
f(2) = g(w(2)). In particular, if the function g is univalent in U, then f(z) < g(z)
is equivalent to f(0) = ¢(0) and f(U) C g(U).



With ¢g(z) = (1 + 2)/(1 — z), a function f € A is starlike if zf'(2)/f(2) is
subordinate to g and is convex if 1+ zf"(2)/f'(z) is subordinate to g. Ma and Minda

[17] introduced the classes

o S
and
_ )

where ¢ is an analytic function with positive real part, $(0) = 1 and ¢ maps the unit

disk U onto a region starlike with respect to 1.

The convolution or Hadamard product is another interesting exploration of these
classes. The convolution of two analytic functions f(z) = z+> ., a,2" and g(z) =

z4+ Y >, byz" is given by

(f*xg)(z) = Z anbp2".

n=1

Polya-Schoenberg [24] conjectured that the class of convex functions is preserved
under convolution with convex functions. In 1973, Ruscheweyh and Sheil-Small [36]
proved the Polya-Schoenberg conjecture. In fact, they proved that the classes of
starlike functions and convex functions are closed under convolution with convex

functions.

Detailed treatment of univalent functions are available in books by Pommerenke

[25], Duren [7] and Goodman [12].



CHAPTER 2

CERTAIN SUBCLASSES OF MEROMORPHIC FUNCTIONS
ASSOCIATED WITH CONVOLUTION AND DIFFERENTIAL
SUBORDINATION

2.1. MOTIVATION AND PRELIMINARIES

The convolution or the Hadamard product of two analytic functions f(z) =

Yo Layz™ and g(z) =D 07 byz" is given by

(f*9)(z Zanbz

The geometric series >~ | 2" = z/(1 — z) acts as the identity element under con-
volution. The convolution of f with the geometric series > >°  nz" = z/(1 — 2)?

is given by > > na,z" which is equivalent to zf’(z). In terms of convolution,
f=[f=*(z/(1 —2)and zf" = f=*(z/(1 —2)%). The well known Alexander’s
theorem states that a function f is convex if and only if zf" is starlike. Since
2f' = f*(z/(1 — 2)?), it follows that f is convex if and only if f * (z/(1 — 2)?)
is starlike. Also, a function f is starlike if f * (z/(1 — z)) is starlike. These ideas
led to the study of the class of all functions f such that f % g is starlike for some
fixed function g in A. In this direction, Shanmugam [41] introduced and investigated
various subclasses of analytic functions by using the convex hull method [5, 23, 36]
and the method of differential subordination. Ravichandran [26] introduced certain
classes of analytic functions with respect to n-ply symmetric points, conjugate points
and symmetric conjugate points and also discussed their convolution properties. Some

other related studies were also made in [3, 22], and more recently by Shamani et al.

[40].



Let M denote the class of meromorphic functions f of the form

(2.1.1) flz) = % +) anz",

that are analytic and univalent in the punctured unit disk U* = {z : 0 < |2] < 1}.

The convolution of two meromorphic functions f and g, where f is given by (2.1.1)

and
(2.1.2) (=L 3 g
1. z)=— AR
! < n=0
is given by

(F9)2) = 2+ 3 aubos”
n=0

For 0 < o < 1, we recall that the classes of meromorphic starlike, meromorphic
convex, meromorphic close-to-convex, meromorphic y—convex (Mocanu sense) and
meromorphic quasi-convex functions of order «, denoted by M*, M* M€, Mﬁ and

M1 respectively, are defined by

MS:{feM ) >a},

f(2)
e {rem| 2 (14 £80) ).
(2.13) M= {fe/\/l —érezgf(/? > a, g(2) GMS},
s {ren a8 () o)
Mq:{feM —%%>0&, g(z)e./\/lk}.

Motivated by the investigation of Shanmugam [41], Ravichandran [26], and Al
et al. [3], several subclasses of meromorphic functions defined by means of convo-
lution with a given fixed meromorphic function are introduced in Section 2.2. These
new subclasses extend the classical classes of meromorphic starlike, convex, close-to-

convex, y-convex, and quasi-convex functions given in (2.1.3). Section 2.3 is devoted



to the investigation of the class relations as well as inclusion and convolution properties

of these newly defined classes.
We shall need the following definition and results to prove our main results.

Let S*(«v) denote the class of starlike functions of order a. The class R, of

prestarlike functions of order « is defined by

z

Ra:{feA‘ f(z)*mes*(a)}

for « < 1, and

Rlz{feA‘é)%M>1}.
z 2

THEOREM 2.1.1. [35, Theorem 2.4] Let o« < 1, f € R, and g € S*(«).
Then, for any analytic function H € H(U),

J[*Hg
[*g

(U) Ceo(H(U))

where co(H (U)) denotes the closed convex hull of H(U).

THEOREM 2.1.2. [8] Let h be convex inU and 3,~ € C with R(Sh(z)+7) > 0.
If p is analytic in U with p(0) = h(0), then

2/ () .
p(z) + A(2) + 7 < h(z) implies p(z) < h(z).

We will also be using the following convolution properties.

i) For two meromorphic functions f and g of the forms f(z) =1 +3"> 4a,2" and
z n=0

g(z) =2 +37°° b,2", we have

z

(fx9)(2) = (g% f)(2)



PROOF. For f and g of the form f(z) = 1+ > a,2" and g(z) = 1 +
Yoo o bpz", we have
(Feg)e) =4 b
- ; nan 2
n=0
= (g% [)(2). O

(i)  For two meromorphic functions f and g of the forms f(z) = 1 + > 7 a,2"

and g(2) =1 + 3277 b,2", we have

z

—2(g* f)(2) = (9% =2f)(2).

PROOF. For f of the form f(z) =1+ %> a,2", we have

[e.9]

—z2f'(2) = L na,z

n=0

n

and hence

(iii) For two meromorphic functions f and g of the forms f(z) = % + >0 2"

and g(z) =1 4+ 377 b,2", we have

z

g * f)(2) = (%9 * 2f)(2).

Proor. For

(g% f)(z) = % +) anbaz",
n=0



we observe that

2(g* f)(z) = 2* (% + Zanbnz”>

=422 Z anbyz"

n=0

= 2%g(2) * 22 f(2). O

2.2. DEFINITIONS

In this section, various subclasses of M are defined by means of convolution
and subordination. Let g be a fixed function in M, and h be a convex univalent

function with positive real part in U and h(0) = 1.

DEFINITION 2.2.1. The class M;(h) consists of functions f € M satisfying
(g% f)(2) # 0 in U* and the subordination

REMARK 2.2.1. If g(2) = 1+ = 2+ 37 2", then M3 (h) coincides with
M?(h), where

ME(h) = {f e M } —Z]{(S) < h(z)} .

DEFINITION 2.2.2. The class M’;(h) consists of functions f € M satisfying
(g% f)'(2) # 0 in U* and the subordination

_{ 2(g* f)"(2)

@*fyu>}’<h@)

DEFINITION 2.2.3. The class M (h) consists of functions f € M such that
(g*1)(2) # 0in U for some 1) € M;(h) and satisfying the subordination

_z2lgx f)'(2)

=) ")



DEFINITION 2.2.4. For 7 real, the class M} _(h) consists of functions f € M

satisfying (g * f)(2) # 0, (g * f)(2) # 0 in U* and the subordination
(

29 [)"(2) o (Flax ) () B
(i) e (e ) <
REMARK 2.2.2. For v = 0, the class M¥_(h) coincides with the class M3 (h)

and for v = 1, it reduces to the class M¥(h).

DEFINITION 2.2.5. The class M(h) consists of functions f € M such that

(9% ©)'(2) # 0 in U* for some ¢ € M¥(h) and satisfying the subordination

[—2(g* ) (2)]
(g9*¢)(2)

< h(z).
2.3. INCLUSION AND CONVOLUTION THEOREM

This section is devoted to the investigation of class relations as well as inclusion

and convolution properties of the new subclasses given in Section 2.2.

We will begin with the theorem which is analogue to the well known Alexander's

theorem.

THEOREM 2.3.1. The function f is in M%(h) if and only if —zf" is in M5 ().

PROOF. Since
(g PG (g + e x £)(:)
(1+ W*fY@)) (97 1)(2)
Gl D)

(g% —2f")'(2)
(g% —2f)(z)
it follows that f € MZ(h) if and only if —zf" € M3 (h). O

THEOREM 2.3.2. Let h be a convex univalent function satisfying Rh(z) < 2—a,

0<a<l1,andp e M with 2*¢p € Ry. If f € M;(h), then ¢« f € M;(h).



PROOF. Since f € M;(h), it follows that
9 Z@*fﬂ@} B
(o <2
or

2(g* f)(2) +2(g = f)(2)
(2.3.1) é}%{ PG } > .

The inequality (2.3.1) yields

§R{fz@*fY@)+2f@*fX@}:>a

22(g* f)(2)
and thus
2(2*(g* f))'(2)
(2.3.2) ER{ 20+ ) } > .
Let
2gx ) (2)

PE = he)

We have

- —2(g* f)'(2)
(2) % (g% f)(2)
_9(2) x g+ f)(2)P(2) 2*

P(z)* (g% f)(z) 22
_ 20(2) % 2%(g + f)(2)P(2)
220(2) x 22(g* f)(2)

Inequality (2.3.2) shows that z%(g x f) € S*(«). Therefore Theorem 2.1.1 yields

_2dxgx f)(z) _ 2(2) % 22(g * [)(2)P(2)
(¢ gxf)(z) 229(2) * 22(g % f)(2)

and since P(z) < h(z), it follows that

Hoxgx f)(2) _ o2)
(D= N2)

€ co(P(U)),

2(¢xgx f)(2)
Torgrnm M
Hence ¢ * f € M} (h). O

COROLLARY 2.3.1. M;(h) C Mg, (h) under the conditions of Theorem 2.3.2.

10



PROOF. Let f € M;(h), then by Theorem 2.3.2 we have ¢ x f € M;(h) or

2@ xgxf)(2)
(0% g f)(2)

which equivalently yields f € M3, (h). O

< h(z),

1
1—z2"7

In particular, when g(z) = 1 + the following corollary is obtained.

COROLLARY 2.3.2. Let h and ¢ satisfy the conditions of Theorem 2.3.2. If
f e M?(h), then f € M;(h).

THEOREM 2.3.3. Let h and ¢ satisfy the conditions of Theorem 2.3.2. If
fe ME(h), then ¢ x f € ME(h). Equivalently M} (h) C M5, (h).

PROOF. If f € M (h), then it follows from Theorem 2.3.1 that —zf" € M3 (h).
Theorem 2.3.2 shows that —z(¢x f)' = ¢x—zf" € M3(h). Hence ¢x f € ME(h). O

THEOREM 2.3.4. Let h and ¢ satisfy the conditions of Theorem 2.3.2. If
[ € Mg(h) with respect to tb € M3 (h), then ¢ x f € M;(h) with respect to
ERIES Mf](h)

PROOF. Since ¢ € M;(h), Theorem 2.3.2 shows that ¢ * ¢ € M;j(h) and
inequality (2.3.2) yields 22(g x ¥) € S*(a).

Let the function G be defined by

g+ D)
G = v

Observe that

29 gx 1)(2) _ 9=) x—=(g % f)'(2)

Grg=)(D) ) *(g0)(2)

6(2) % (g% )()G(z) 22
o gr)E) 2

_ 2002+ g =+ DEG(E)

2¢(z) x 22(g x P)(2)




Since 2%¢ € R, and z*(g x 1) € S*(«), it follows from Theorem 2.1.1 that

_Adxgx f)(2) _ 20(2) x 29 x¥)(2)G()
B33 T PR
Thus ¢ x f € Mg (h) with respect to ¢ x ¢ € M3 (h). O

COROLLARY 2.3.3. M{(h) C Mg, (h) under the conditions of Theorem 2.3.2.

PROOF. If f € M{(h) with respect to ¢ € M;(h), then Theorem 2.3.4 shows
that ¢ x f € Mg (h) with respect to ¢ x ¢» € M;(h) which is equivalent to

org PG,
Grgr)z) )

or f € Mj,,(h). Hence M{(h) C Mg, (h). O

THEOREM 2.3.5. Let R(vyh(z)) < 0. Then

(i) ME_(h) € M5(h),
(i) ME_(h) € ME 4(h) fory < 3 < 0.

PROOF. Define the function Jy(v; f) by

10 =4 (1 ) 0 (e pe) -

For f € M%_(h), it follows that Jy(v; f)(2) < h(2). Let the function P be defined
by

(2.3.4) P(z) = —z(g*—;)z).

The logarithmic derivative of P(z) yields

Plz) _ 1 (g=f)"(z) (9% ))()

P(z) z (gxf)(z) (9*xf)(2)’

and multiplication with —vz to (2.3.5) gives

PR g D)) 2lg PY)
P T xR NG

(2.3.5)

(2.3.6)

12



Adding P(z) to (2.3.6) yields

PR TS e e e P
() o (e )
(23.7) = Jy(7: f)(2)
and hence
P(z) - f}fg) h(z).
(i) Since R(vA(2)) < 0 and
P~ 155 < )

Theorem 2.1.2 yields P(z) < h(z). Hence f € M;(h) and this concludes that
ME_(h) € M5(h).

(ii) The logarithmic derivative of P(z) and multiplication of z yields
PG| g )
P(z) (g f)(z)

From (2.3.7), it follows that

(2.3.9) 2P'(z) _ P(2) = Jy(vi f)

P(2) ot

(2.3.8) + P(2).

Let

(2.3.10)  Jy(B; F)(z) = = {5 <1 i %) g <Z(g * f)/(Z)) } |

Substituting (2.3.8) and (2.3.9) in (2.3.10) yield

(2.3.11) (M&ﬂ&%=0—§)ﬂd+§%W#Xﬁ

We know that J,(v; f)(2) < h(z) and P(z) < h(z) from (i) and since 0 < g < 1and
h(U) is convex, we deduce that J,(53; f)(z) € h(U). Therefore, J,(5; f)(2) < h(z)
and hence M’ _(h) € M% () for v < 3 <0 O

COROLLARY 2.3.4. The class M} (h) is a subset of the class MY(h).

13



PROOF. Let f € ./\/l’g“(h) and by taking f = ¢, it follows from the definition of
the class MY(h) that M%(h) € MY(h) . O

THEOREM 2.3.6. The function f is in MZ(h) if and only if —zf" is in M (h).

PROOF. If f € MJ(h), then there exists ¢ € M3 (h) such that

[—z(g* f)'(2))
ror( M
Note that
[—2lgx )R _ g*x—2/)E)] -z _ —z2(gx—2f")(2)
(9% ) (2) (g*9)(z)  —= (9% —2¢)(2)
Hence

—2(gx —2/")'(2)
(g% —2¢)(2)

Since ¢ € M¥(h), by Theorem 2.3.1, —z¢' € M;(h). Thus by definition 2.2.3, we
have —zf" € Mg (h).

=< h(z).

Conversely, if —zf" € M¢(h), then

_Z(g * —Zf/),(Z) = h(Z)

(g ¢1)(2)

for some 1 € M3(h). Let p € ME(h) be such that —z¢' = ¢ € M3(h). The

proof is completed by observing that

[_Z(g * f)l(z)]/ _ _Z(g * —Zf/)/<Z) =< h(Z) 0

(gx9)(z) (g% —2¢)(2)

COROLLARY 2.3.5. Let h and ¢ satisfy the conditions of Theorem 2.3.2. If

f e Mi(h), then ¢ * f € Mi(h).

ProoF. If f € MI(h), Theorem 2.3.6 gives —z f" € M (h). Theorem 2.3.4 next
gives px—zf' = —z(¢px f) € MG (h). Thus, Theorem 2.3.6 yields ¢+ f € Mi(h). O

COROLLARY 2.3.6. M{(h) C M, (h) under the conditions of Theorem 2.3.2.

14



ProoF. If f € Mi(h), it follows from Corollary 2.3.5 that ¢ * f € MZ(h). The

subordination
[—2(¢x g f) ()]
(@ gx)(z)
gives f € M{, (h). Therefore M2(h) C M, (h). O

=< h(z)
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CHAPTER 3

A GENERALIZED CLASS OF UNIVALENT FUNCTIONS
WITH NEGATIVE COEFFICIENTS

3.1. MOTIVATION AND PRELIMINARIES

Let T" denote the subclass of A consisting of functions f of the form

f(z)=2z— Z a,|2".
n=2

A function f € T is called a function with negative coefficients. In [44],
Silverman investigated the subclasses of 7" which were denoted by 7'S*(«) and T K ()
respectively consisting of functions which are starlike of order o and convex of order

a (0 < a < 1). He proved the following:

THEOREM 3.1.1. [44] Let f(z) =2z — > ", |an|2™. Then f € TS*(«) if and

only if Y>° ,(n — a)|ay| <1—a.

COROLLARY 3.1.1. [44] Let f(z) = z— >, |an|z". Then f € TK(«a) if

and only if Y " ,n(n — a)lax| <1—a.

The work of Silverman has brought special interest in the exploration of the
functions with negative coefficients. Motivated by his work, many other subclasses
of T were studied in the literature. For example, the class U(k, 7, «) defined below,

was studied by Shanmugam [43].

DEFINITION 3.1.1. [43] For 0 <7 <1,0<a<1land k>0, let U(k,T,),

consist of functions f € T satisfying the condition

PR 4 (14 20)22 () + 2f(2)
" { 2P 2 () }
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T2 (2) + (L4 20)22f(2) + 2(2)

=k T2 [7() + 2/ (2)

-1+ .

The class U(k, T, «) contains well known classes as special cases. In particular,
U(k,0,0) is the class of k—uniformly convex function introduced and studied by
Kanas and Wisniowska [15] and ¢/(0, 0, ) coincides with the class T'K («) studied in
[44]. In [43], Shanmugam proved the coefficients bounds, extreme points as well as

radius of starlikeness and convexity theorem for functions in U(k, T, ).

Kadioglu in [13] extended the results by Silverman by defining the class T («)
with the use of Saldgean derivative operator and proved some properties of the func-
tions in this class. The S3ldgean derivatives operator was introduced in [38], where
for f(z) € A,

D°f(z) = f(z), D'f(2) = 2f'(z)
and
D*f(z) = D(D*'f(2) (s=1,2,3,...).
Observe that

Df(z) = f(z) =z =) lan|2",

D'f(z) =zf'(z) =z (1 — in!anlz’”1> =z in|an|z”

n=2 n=2

and

D*f(z) = D(D'f(2)) = 2(f'(2)) = 2 = > n*|an]2"

Hence
D*f(z) =D(D* ' f(2) =z — Y _n’lan|2".
n=2

Kadioglu defined the class T(«) as the following:

DEFINITION 3.1.2. [13]

r = {rersn{ T8 o

17



Note that Tj(«) = T'S*(«) and T3 (a) = TK(«). He proved the following:

THEOREM 3.1.2. [13] A function f(z) = z — Y ", |a,|z" is in Ts(a) if and

only if

Z<ns+1 —n'a)la,| <1—a.

n=2

Ahuja [1] defined the class T)(cv) with the use of Ruscheweyh derivative opera-
tor. The Ruscheweyh derivative operator D* is defined using the Hadamard product

or convolution by

z

D f = (1— 21

x f for A > —1.

DEFINITION 3.1.3. [1] A function f € T is said to be in the class T(«) if it

satisfies

%{z%(é)))/} >

for A\ > —1and a < 1.

By letting A = 0 and A = 1, the class T)(«) will reduce to the class 7'S*(«) and

TK () respectively. The following theorem was proved in [1].

THEOREM 3.1.3. A function f(z) =z — > 2, a,z" is in Tx(«) if and only if

o0

Z(n —a)B,(Na, <1 -«

n=2

where

A+ A+1DA+2).. A+n—1)

Ba(3) = (n—1) (n—1)!

The above defined classes as well as numerous other classes of functions can

be investigated in a unified manner. For this purpose, we study the following class of

T{bx} 340, 0,m].

18



DEFINITION 3.1.4. Let b1 > 0, bypyy < b for k> m+1. Also let 3 > 0

and m > 1 be an integer. The class T[{by}:%,, 3,m] is defined by

TT{bktors1, B, m] = {fz z— Z apz® | ap > 0for k>m+1, Z bray < 5}-
k=m-+1 k=m+1

For convenience, we will denote T'[{b;}:°, |, 3, m] as T'[by, 3, m] and adopt this no-

tation hereafter.

For m = 1, the class T'[by, 3, m| coincides with the class introduced by Frasin
[9]. In his paper, Frasin investigated the partial sums of functions belonging to this
class. There are many subclasses of 1" studied by various authors of which several

can be represented as T'[by, (3, m] with suitable choices of by, 5 and m (see example

below) (also see [4, 14, 18, 19, 20, 34, 37, 39]).

ExXAMPLE 3.1.1.

(1) TA=2 Crtiei (), 1,1] = Ty (a), [1]

(2) T[n*™ —an®, 1 — a,1] = Ty(a), [13]

3) Tn((n—a)(n—7+1)+k(r+n—1)),1—a,1] =U(k,7,a), [43]
(4) Tln—a,1 —a,1] =TS*(«a), [44]

(5) T[n(n —a),1 —a,1] = TK(«). [44]

We will be using Example 3.1.1 later to prove the corollaries in this chapter.

In this chapter we obtain the coefficient estimates, growth theorem, distortion
theorem, covering theorem and closure theorem for the class T'[by, 3, m]. We also

consider the extreme points and investigate radius problem for this class.

3.2. COEFFICIENT ESTIMATE

We begin with the theorem which gives us the estimate for the coefficient of

functions in the class T'[b, 3, m].
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THEOREM 3.2.1. If f € Tby, 3, m], then

a; < bﬁ’ (J=m+1m+2...)
J
with the equality only for functions of the form f;(z) = z — bﬁzj
J

PROOF. Let f € T'[bx, 3, m], then by definition, we have

o0
Z brap < 3.
k=m+1
Hence, it follows that

bja;< > bar <8 (G=m+1m+2,..)
k=m-+1

or
B
Q; S —.
b
It is clear that for the function of the form

fi(z) =2 — gzj € T[bg, B, m|
J

we have

COROLLARY 3.2.1. [44] If f € T'S*(«), then

l—«

ang 9
n—uo

with equality for function of the form

11—«

fa(2) =2 — 2"

n—«o

COROLLARY 3.2.2. [43] If f €e U(k, T, ), then

l—«

@n S n[(n—a)(tn—7+ 1)+ k(r+n—-1)]

with equality for the function of the form

1 -« n
f(z>:z_n[(n—a)(Tn—T+1)+k(T+n_1)]Z .

20



COROLLARY 3.2.3. [1] If f € T)\(«), then

. 11—«
F 7 (k= a)B(V)
with equality for function of the form
11—« &
2)=2— ———F2".
1= = am

3.3. GROWTH THEOREM

We now prove the growth theorem for the functions in the class T[b, 3, m].

THEOREM 3.3.1. If f € T'[by, 3, m], then

r——ﬁ < f(R)| <+ b Pz = < L
bm+1 bm+1
with equality for
_ . ﬁ m—+1
(3.3.1) f(z)==z2 2
bm+1
im(2p+1)

at z = r for the lower bound and z = re— m , (p € Z%) for the upper bound.

PRrROOF. For f € T'[by, 3, m], we have

Z bray < 3

k=m+1

and since b, 11 < by for k > m + 1, we have

bint1 Z ay < Z bray < 3
k=m+1 k=m+1
or
- 5
3.3.2 < .
( ) Z = bm+1
k=m+1
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Let |2| = r. Since f =2z — Y2 . apz® € T[by, 3, m], we have

fRI<r+ ) apt
k=m-+1

o0

< p 4 pmtt E ag.
k=m+1

By using (3.3.2), we obtain

@) <rt L

m+1

and similarly

ﬁ m+1

r

f(2) 27—

berl
COROLLARY 3.3.1. [43] If f €e U(k,T,), then

l—-«a 9 -« 9 B
et ko STt ey =)

r —

with equality for
1 -« 9

TG == i e thca)”

COROLLARY 3.3.2. [13] If f € Ti(«), then

11—« 9 1 -« 9
v s vl S\f(z)\STJFmT (lz] =)
with equality for
1 -« 9

S

COROLLARY 3.3.3. [1] If f € T\(«), then

-« 9 -« 9 B
PEEE §|f(z)|§r+(2_a)(H1)r (lz =)

r —

with equality for
-« 9
f&) == 500+ 0°
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3.4. COVERING THEOREM

THEOREM 3.4.1. The disk |z| < 1 is mapped onto a domain that contains the
disk
g

bm+1

lw| <1—

by any f € T|by, 3, m]. The result is sharp for the function f given in (3.3.1).

PROOF. The proof follows by letting » — 1 in Theorem 3.3.1. UJ

COROLLARY 3.4.1. [44] The disk |z| < 1 is mapped onto a domain that

contains the disk

1
<l-—
|w P

l—a .2
—27042 .

by any f € T'S*(«). The theorem is sharp with extremal function f(z) = z —

COROLLARY 3.4.2. [44] The disk |z| < 1 is mapped onto a domain that

contains the disk

| < 1 3—«
w _——_—
2(2 - a)
by any f € TK(«). The theorem is sharp with extremal function f(z) = z— 2(121";) 22.

COROLLARY 3.4.3. [13] The disk |z| < 1 is mapped onto a domain that

contains the disk

| < 1 1l -«
w _—,_—————
25+ — 25qy
by any f € T,(c). The theorem is sharp with extremal function f(z) = z— 5= 2%

COROLLARY 3.4.4. [1] The disk |z| < 1 is mapped onto a domain that contains

the disk
l—«

2—a)(A+1)

lw| < 1—

by any f € Tx(«). The theorem is sharp with extremal function f(z) = z —
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3.5. DISTORTION THEOREM

The distortion theorem for the functions in the class T'[by, 3, m] is given in the

following theorem.

THEOREM 3.5.1. If f € Tby, 3, m], then

12D <1+ 20D o
bm+1 bm+1
m+1 < % The result is sharp for the function f given in (3.3.1).

PRrOOF. For f € T'[by, 3, m], we have

> Bho= Y hass
k=m+1 k=m+1
Since b’”jll < bf for k > m + 1, we obtain
(3.5.1) i b1 kay, < i b_k/mk <3
m+ 1 - k
k=m+1 k=m+1

or equivalently

mm—f—i—_ll Z k:ak< Z bkak<ﬁ

k=m+1 k=m+1
Thus we have
> 1
(351) S hay < 2D
k=m+1 bm+1

Since f(2) =z — > _pe iy ai2", we have

Let |z| = r, then

If'(z) <1+ Z kajrt1

k=m+1

<1+r™ f: kay,

k=m+1

cy B

o bm+1
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and similarly

f(2)=1-

plm+1) .,

.

bm—l—l

The result is sharp for the function given in (3.3.1).

COROLLARY 3.5.1. [44] If f € T'S*(«) then

2(1 — «)
2 —«

1—

with equality for

reif@l < =D (=
f(z) =2— (; : Z)zz.

COROLLARY 3.5.2. [44] If f € TK(«) then

11—«

1 —
2—«

with equality for

r<lfia)l <1+

f(z) =2 -

1

— % (el =7)

— <
2(2—a)

COROLLARY 3.5.3. [43] If f € U(k, T, ), then

1_ l—«

1+nC2+k—a)

with equality for

f(z) =

rlfie) <1+

1l -«
1+7)2+k—a)

-« 9

21+7)2+k—a)

COROLLARY 3.5.4. [13] If f € Ts(«), then

1—
1— (0%

with equality for

s _ 2371&

r<lffEl <1+

11—«

g =7)

11—«
fG)=2= go—a?
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3.6. CLOSURE THEOREM

Let the functions Fj(z) be given by

(3.6.1) F(z)=z— Y fud, (1=12.j).

k=m-+1

We shall now prove the following closure theorems for the class T'[by, 3, m].

THEOREM 3.6.1. Let the function F;, defined by (3.6.1), be in the class
Tby, 3,m] for everyl =1,2,...,j. Then the function f(z) defined by

f(z)=2z— Z a2

k=m+1

belongs to the class T[by, 3, m] where a;, = % ST fri(k=m+1,m+2,...).

PROOF. Since F; € T'[bg, 3, m], it follows that

Z befrs <

k=m-+1

for every I =1,2,..., 7. Hence

Z bray = Z b <%kaz)
=1

k=m+1 k=m+1
1< >
! ( 5 bkfk,l>
'] =1 k=m+1
<.
Therefore it follows that f(z) € T'[bx, 5, m] O

THEOREM 3.6.2. The class T'|by, 3, m] is closed under convex linear combina-

tion.

PROOF. Let Fi(z) for [ = 1,2 be given by Fi(z) = z — > 2 . fra?® €

T'[bx, B, m] and define the function H as
H(z)=~Fi(2) + (1 —7)F(2) (0<y<1)
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Since 0 < v < 1, it follows that

H(z) =~ (Z— > fk,lzk) +(1 =) (Z— >, fk,22k>

k=m+1 k=m+1
=yztz—yz—= Y Wfuadt + (1= fra?"]
k=m-+1
=z- Z [V frt + (1 =) fral2".

k=m+1

Observe that

Z by frq + (1 =) frzl

k=m+1

=7 i b fra+ (1 —7) i br: fie,2
k=m-+1 k=m+1

<+ (1 =7)p

— 3.

This shows that H(z) € T'[bg, 3, m] and the theorem is proved.

THEOREM 3.6.3. Let

Z, k=m;

Fi(z) =
z— %zk, k=m+1, m+2,....

Then f(z) € Tbx, 3, m] if and only if f(z) can be expressed in the form

f(2) = 6Filz),

where 6, > 0 and ;- 6 = 1.

PROOF. Suppose

f(2) = aFu(2),
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then we have

f(2) = 0mFm+ > 0kFi(2)

k=m+1
— k
=02 + Z O (z—b—kz )
k=m+1
00 00 B i
= Z (SkZ — Z 5;{@2
k=m k=m+1
(3.6.2) =z— i 5kﬁzk.
by,
k=m+1

For the function given in (3.6.2), we see that

> aih= Y 4

k=m+1 k=m+1
k=m
= B(1 - 5,).

Since 6,, > 0, we obtain

Z 51@%51@ <p.

k=m+1
Thus, f(z) € T[bg, 3, m].

Conversely, suppose f(z) € T'[by, 3, m| , then

g

ar < —, (k=m+1,m+2...).
by
Therefore we set
b
(5k:Eak, (k:m+1,m+2,)
and
Sm=1= Y 0
k=m+1
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Then we have

o0

f(z)=2— Z 5kbﬁzk

k=m+1 k

= ];1(%2— Z 5k£zk

k=m-+1

k=m-+1 k

k=m+1

This complete the proof. 0

COROLLARY 3.6.1. [44] Let fi(z) = z and

fal2) =2 — 1_az"

n—uo

forn =2,3,.... Then f(z) € TS*(«) if and only if f(z) can be expressed in the

form
F(2) = butal2),

where 6, > 0 and > 7 0, = 1.

COROLLARY 3.6.2. [13] Let fi1(z) = z and

falz) =2 — 1_—az”

nstl — nso

forn=2,3,.... Then f(z) € Ts(«) if and only if f(z) can be expressed in the form
F(2) = 0nfal2),
n=1
where 6,, > 0 and )", 5, = L.

COROLLARY 3.6.3. [1] Let fi(z) = z and

l—«



forn =2,3,.... Then f(z) € T\(«) if and only if f(z) can be expressed in the form
F(2) = 0nfal2),
n=1

where 6, > 0 and > 7 0, = 1.

3.7. RADIUS PROBLEM

In this section, we determine the radius of starlikeness of order v and the radius
of convexity of order v for functions in the class T'[by, 3, m]. Let us recall that a
function f is said to be starlike of order v if %% > v and convex of order ~ if

N1+ Z}c,(g)) > .

THEOREM 3.7.1. If f € T|by, 3, m|, then f is starlike of order v (0 < v < 1)

in |z| < R, where
1

bl 1))

Al =

k>m—+1

PROOF. For f € T'by, 5, m]| we have
SCIEECEIC
f(2) f(2)
ZZimH(l - k)akzk
Z = ZZO:mH agz®
< Zzozm-i-l(k — Dag|z[*!

Tl

Thus f is starlike of order  if

S (k= Dl
= et =

or

k=m+1 k=m+1
D D B IR
k=m+1

30



Then

[e o]

DOk =1+ (1= arlzt <1-7.

k=m+1
Thus we obtain
OO (k—7) k—1
3.7.1 -~ <1.
( ) k:zm;rl =79 mlel =

The inequality (3.7.1) holds if

- (k=) k—1 — b
—=ag|? < —ay
kgn;-l 1-7 g kgn:-‘rl p

or if
b, 1—7
zk_1<—k
2 < B (k—7)

and this proves the result.

0

THEOREM 3.7.2. If f € T'[bx, 3, m], then f is convex of order v (0 <~ < 1)

in |z| < R, where

R= int {M]

k>m+1

PRroOOF. For f € T'[by, 5, m]| we have

Zf”(Z) | ZZim+1 k<k - l)akzk_l
(z) | | 1= kagzkt
Zk m+1 ( - 1)%! \k_l

= Lk Farlz[

Thus f is convex of order ~ if

L V1K

L= g ka2t ™

or

Z E(k — Daglz|"* < (1 -~ (1— Z kag|z|*
k=m+1 k=m+1

<1—7v— Z k(1 —~)ag|z|**.

k=m-+1
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Then

Do Kk =1+ (1= a2t <1

k=m+1
Hence we obtain
- k<k - V) k—1
3.7.2 _— < 1.
( ) k:;rl L—x ] a

The inequality (3.7.2) follows if

- k(k —7) k—1 — b
> M e < 3
o1 wmir P
or if
b 1—~
P A g A k=m+1,m+2, ...
A==y

and this completes the proof.
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CHAPTER 4

RADIUS PROBLEMS FOR SOME CLASSES OF ANALYTIC
FUNCTIONS

4.1. MOTIVATION AND PRELIMINARIES

Lets recall the class S*(¢) which was introduced by Ma and Minda [17]. The

class S*(¢) denote the class of functions f in S for which

2f(2)
O

where ¢(z) is an analytic function with positive real part in U, ¢(0) = 1, ¢'(0) > 0,

and ¢ maps U onto a region starlike with respect to 1 and symmetric with respect to
the real axis. The class S*(«) consisting of starlike functions of order o, 0 < o < 1
and the class S*[A, B] of Janowski starlike functions are special cases of S*(¢) when
#(2) = (14+(1-2a)2)/(1—2) and ¢(2) := (1+Az)/(1+Bz) (-1<B<A<LI1)

respectively.

The function f(z) € S is uniformly convex [11] if for every circular arc 7
contained in U with center { € U, the image arc f(7) is convex. Denote the class
of all uniformly convex functions by UCV. Ma and Minda [16] and Ronning [33],
independently showed that the function f(z) is uniformly convex if and only if

e e

(zeU).

A corresponding class S, consisting of parabolic starlike functions f, where

f(z) = zg'(z) for g in UCV, was introduced in [33]. A function f is in S, if and

{5

only if
2f'(2)
f(z)

—1' (z€U).
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A survey of these functions can be found in [30], while radius problems associ-

ated with the classes UC'V and S, can be found in [10, 28, 32, 42, 29|].

In this chapter, several radius problems associated with the class S*[A, B] de-

fined by

S*[A, B] := {feA: ) 1+

[8 2 apecaznipisuzen)

are investigated. Several known results relating to radii problems are shown to be
simple consequences of the results obtained here. Unless explicitly stated otherwise,

it is assumed that the complex constants A and B satisfy A # B and |B| < 1.

For A=1-2a, a > 1and B = —1, denote the class S*[1 —2a, —1] by M («).

Equivalently, M («) can be expressed in the form

M(a) = {f cA:R (Z;(i’?) <a, (z€ U)}.

The class M («) was investigated by Uralegaddi et al. [47], while a subclass of M («)
was investigated by Owa and Srivastava [21]. Since functions in the class M («)
and in general S*[A, B] need not be starlike, in this paper, we find the radius of
starlikeness for functions in these classes, as well as the radius of strong-starlikeness

and parabolic-starlikeness.

4.2. RADIUS OF STARLIKENESS OF ORDER «

The Lindelof principle or subordination principle states that if f < ¢, then
f(U,) C g(U,), where U, is the disk |z| < r < 1. This principle is used to prove the

following lemma.

LEMMA 4.2.1. Let p(z) be analytic in U. Then

14+ Az
1+ Bz

p(z) <
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if and only if

1 — ABr? - |B — Alr

42.1 — < 1).
(42.1) PC) - T 1pma| < 1oqpmr (F<T <)

The result is sharp for |z| = r.

PROOF. Let the function w be defined by

1+ Az
w(z) = T Bs

Then we have

w(z) + Bzw(z) = 1+ Az.

Further
w(2) = 1] = [2(A = Bw(2))|
implies
w(z) = 1] <7[A = Buw(2)|
where |z| <r < 1. Then

w(z) = 1 < r*|A — Bu(2)|*

which is equivalent to

lw(2)]> = 2Rw(z) + 1 < r?[|A] + | B]*|w(2) > — 2RABw(z)).

Hence

w(2)[*(1 = |B*r®) — 2R[w(2)(1 — ABr?)] < |A[r* — 1

or

1 — ABr? |A]?r? —1
2_ 9 St A I il B
=28 vt (1) < 1 7me

Then we have

2

5 1— ABr? 1 — ABr?
lw(z)]” — 2R {w(z) (—1 — B 1522 B

=1 B
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which gives

(1= ABr? | _ (AP = D)1= [BI*r?) + |1 — ABr*J?
w(z) —
= 1BEe| = (= [BFr?
| A% + | B|*r? — 2RABr?
=T - BRey
|B — Al*r?
< ———
= (- [BRp
Therefore,
1 — ABr? |B — Alr
w(z) <

C1—|B]Zr?| T 1—|Br?

Hence by using the subordination principle we have

(2) < 1+ Az
z
b 1+ Bz
if and only if
1— ABr? |B — Alr
_ < 1). 0
)~ 1 | < e (<7<

THEOREM 4.2.1. Let 0 < a < 1. If f € S*[A, B], then the function f is

starlike of order « in |z| < R(«) where

o 2(1 —a)
R(e):= mm{|B—A\ T2 — 1)B—A\’1}'

The result is sharp for the function f(z) € A given by

(14 B2)A-BI/B jf B#£0
zexp Az if B=0.

(4.2.2) f(z) =

PROOF. Since f(z) € S*[A, B], it follows that
z2f'(z) 1+ Az

f(z) ~1 + Bz
and with p(z) = Z}cég) Lemma 4.2.1 gives
2f'(z) 1 — ABr? |B — Alr

2. > — .
(#:23) o = (1o 1o
Also if f(z) is starlike of order «, then

2f'(2)

424
( ) R 78 >«
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From (4.2.3) and (4.2.4), we see that

/ B2
() Bt
is true if
1—RABr — |B— Alr > (1 — |B*r?)
or
(RAB — o|B)*)r* +|B - Alr +a — 1 <0.
Therefore,
P L V1B — A2 — A(RAB — a|B2) (a - n

2(RAB — | B|?)
By taking the conjugate and simplifying it, we get

2(1 — «)

B = B A+ |2a—)B =4

Therefore the S*(a)-radius for f € S*[A, B] is R(«) = min {R,, 1}.

To get the extremal function, let

zf'(z) 14 Az

f(z) 1+ Bz
L (A-B):
=1t 1+ Bz

For B # 0, we have

or
foA-
log = = log (1 + Bz).
z
Therefore,
f(z) = 2(1+ B2)"5
For B =0,
f'(z)
——-=14A
flz) 2
Integrating both sides, we get
log i = Az
z



and hence
f(2) = zexp(Az).
The result is sharp for the functions obtained here. O

The case when A and B are real numbers yields the following corollary:

COROLLARY 4.2.1. [27] Let A/ B € R, A < B,

Bl <land0<a<l1. If
f € S*[A, B], then the function f belongs to S*(«) in |z| < R(«) where

1+A
11—« 1+A
aB—A (113 < a).

THEOREM 4.2.2. Let a > 1. If f € S*[A, B], then the function f is in M ()
for |z| < Ry (a) where

2(a—1)
|B—M+KM—UB—MJ}'

Ruu(e) = min {

The result is sharp for the function f(z) € A given by (4.2.2).

PROOF. Since f € S*[A, B], Lemma 4.2.1 gives

§sz’(z)<§R<1—A§r2> |B — Alr

(4:28) e = \i=Bee) Tio[Bpe

and f(z) € M(«) if

2f'(2)
(4.2.6) Ry <o

From (4.2.5) and (4.2.6), we see that

z2f'(2) 1— ABr? |B — Alr
< <
%f@>—%(L4M%2*d—uWﬂ—“

is true if

1—a+|B—Ajr— (RAB — a|B|*)r* <0.

Solving the quadratic inequality yields

2(a—1)
pu— R = .
TTMTIB A+ (20— DB - A
The result is sharp for the function given in (4.2.2). O
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COROLLARY 4.2.2. [27] Let AABE€R, A<B<1,|B|<landa>1.If
f € S*[A, B], then the function f is in M(«) for |z| < Ry(«) where

1 L
Ry(a) = { (1_3 =)

ol (4 >a).

THEOREM 4.2.3. Let A,B,C,De€C, A# B, |B|<land D #C, |D| < 1.
If f € S*[C, D], then the S*[A, B]-radius R4 p) of f is given by

R = min A - B 1
48] = IC—D|+|AD—BC|' [

PROOF. Let P(z) = (1+ Az)/(1+ Bz) and Q(z) = (1 +Cz2)/(1+ Dz). Since

2f'(2)
f(z)
the S*[A, B]-radius is determined from the number R such that 0 < R < 1 and

Q(Rz) < P(z) for zin U. Let H(z) = P7'(Q(2)). We know that

=< Q(2),

P7e) = AZ— ;z
and
1+Cz _
PQUN = 5 e

Hence

") == Bgi (A%)Z— BC)z
and

H(Rz)| < 73— B:C— |Alz))|}E BolR ="'

for

2| =R < |4 — B O

=]C—D|+|AD - BC|

COROLLARY 4.23. Let A,B,C,D € C, A # B,

Bl < 1and D # C,
|D| < 1. Then the class S*[C, D] is a subclass of S*[A, B if and only if

|AD — BC| < |A— B| - |C - D|.
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The above corollary is an extension of the fact that S*(«) C S*(5) if and only

if « > f.

4.3. RADIUS OF STRONG STARLIKENESS

A function f(z) € A is strongly starlike of order v, 0 < v < 1 if

o)

This is equivalent to the condition

(55

In other words the values of zf’(z)/f(z) are in the same sector of |y| < tan(yr/2)z,
x > 0. In this section we compute the radius of strong starlikeness for the class

S*[A, B]. We will use the following lemma:

LEMMA 4.3.1. [10] If R, < (Ra)sin(7y/2) — (Sa) cos(my/2), Sa > 0, for
a € C, then the disk lw — a| < R, is contained in the sector |argw| < 77y/2,

0<y <1

THEOREM 4.3.1. Let 0 < v <1 and S(AB) < 0. If f € S*|A, B], then the
function f is strongly starlike of order -y in |z| < R(v) where R(vy) = min{l, R,},

and

_ 2sin(7my/2) .
|B — A| + [|B — AJ? + 4sin®(17y/2)R(AB) — 4 cos(mv/2) sin(ny/2)S(AB))2

Y

PROOF. Lemma 4.2.1 yields

/
2f'(2) _a‘ <R,
f(2)
where
1 — ABr? |B — Alr
=207 and Ry =22
“Ti-Bpe 1 — |B2r?
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Since the I(AB) < 0, it follows from Lemma 4.3.1 that

|B — Alr < 1—RABr? | (7?7) SABr? <7w>
sin (— ) + ——5— cos (=
1—|B]?r? = 1—|B|?*r? 2 1 —|BJ?r? 2

or

S(AB) cos uss — R(AB) sin s r? — |B — Alr + sin 7Y > 0.
2 2 2

Since sin(%) > 0, the above quadratic inequality yields

_ |B — A + \/|B — A2 — 4[S(AB) cos(my/2) — R(AB) sin(my/2)][sin(77/2)]

g 2[S(AB) cos(m7/2) — R(AB) sin(my/2)]

By taking the conjugate and simplifying it, we get
B 2sin(my/2)

|B — A| + [|B — AJ]?2 + 4sin?(my/2)R(AB) — 4 cos(m7/2) sin(my/2)S(AB)]z
Thus f is strongly starlike of order v in |z| < R(7) where R(y) = min{1, R,}. O

Y

Silvia [45] defined the class SP(«, A, B) consisting of functions f in A satis-

fying

wzf!(2) 1+ Az
“ ) 1+ B-

with0<a<l1l,-1<B<A<LI.

+isina, zeU,

COROLLARY 4.3.1. Let f € SP(a,A,B), -1 < B< A<1,0<a<l,
0 < p <1, and Bsin2a < 0. Then the function f is strongly starlike of order p in
|z| < R(p) where R(p) = min{l, R,}, and

2sind
R pu—
’ (A— B)cosa + /(A — B)2cos?a +4B%sin?§ + 4B(A — B)sind cos asin(a + 0)

where 6 = mp/2.

PROOF. The function f is in SP(a, A, B) if

‘ ! 1+ A
ew‘L(Z)<cosa + Az

f(2) 1+ Bz

+ ¢sin a,

or

/
) < e |cosa

f(z) 1+ Bz
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Therefore,

2f'(2) - 1+ (Acosa + iBsina)e "z
f(2) 1+ Bz '

Replacing A with (A cosa + Bisina)e ™™ in Theorem 4.3.1 yields

R 2sind
g (A— B)cosa+ /(A — B)2cos?a + 4B2sin’ § + 4B(A — B)sind cos asin(a + )

where § = mp/2. O

REMARK 4.3.1. Corollary 4.3.1 was also obtained by Gangadharan et al.[10].

However there was a slight mistake in their result. Refer [46].

4.4. RADIUS OF PARABOLIC STARLIKENESS

In [31] the class S, of parabolic starlike functions was generalized by introducing
a parameter 3, —1 < 8 < 1. Theclass S,(/3) is a subclass of A consisting of functions

f € A satisfying

PO {5 <)

f(z)
Observe that the values of the functional

Z}CES) lies in the parabolic region

(4.4.1) Q::{w:u+iv:v2<2(1—ﬁ)(u—%)}.

In this section, the S,(/3)-radius of functions in S*[A, B] for A,B € R, A < B and

|B| <1 is determined.

THEOREM 4.4.1. Let 3 <1, A< B, and |B| < 1. Let Ry be given by

Ry = min{l, 21— 5) } )

B—A+./(B—-A2+4B2(1 - p)?
Ry be the largest number in (0,1] such that 1 > (B(1 + () — 2A)r + (3 for all
r € [0,Ry], and R3 be the largest number in (0,1] such that A+ B(1 — 23) >
2B3(1 — B)r? for all r € [0, R3]. If f € S*[A, B|, then [ satisfies

AEEI MG

—1‘+ﬁ (]z| < R)
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where
. Ry ifRy < R
R3 if Ry > R;.

PROOF. Since
2f'(2) - 1+ Az
f(z) 14 Bz’

it follows from Lemma 4.2.1 that

(4.4.2)

IN

zf'(z) 1— ABr? (13_— A)r (2] <r<1).

f(z) 11— B2 B2r2’

By letting w(z) = Z}?S) = u + 7v, the points on the boundary of the disk in (4.4.2)

are given by
1—ABr* (B—A)r ,
w(z) = 1-B%2 ' 1_B22°

and hence we have

(443)  Ru(s) (1- ABr21) _+ gjrz— Areosd () = (Bl—_A;Zi;nﬁ
For f € S,(3), we have
W e e
or equivalently
(4.4.4) u> |(u+iv) — 1| + 8.
Squaring (4.4.4) and rewriting yields
v <2u(l-p)+p°—1

or
(4.4.5) (Sw(z))* < 2(1—p) (?Rw(z) — #) .
Substituting (4.4.3) into (4.4.5) gives

{(Bl—_AL);;;nér —y [1 - ABrit(gz;A)rcose} G-+ 1
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Letting © = cos 6 and simplifying leads to
T(x) = (B— A2 +2(1-8)(B—A)(1 - B**)rz+2(1 - 6)(1— B**)(1 - ABr?)
—(1-8%1—B**?— (B - A)**>0.
We need to find » = R such that T'(z) > 0 for all z € [—1, 1].
Since
T'(z) =2(B— Az +2(1-3)(B—A)(1-B>)r
we see that 7"(x) = 0 for

(1-p)(1—B*?)
(B—A)yr

r=xyg—= —

Since f < 1, A < B and |B| <1, we have 2o < 0. If zg < —1, we require

T(—1) >0 and if —1 < g < 0, we require T'(zg) > 0. Note that 2o < —1 implies
1—B*? -3+ pB*? > (B — A)r

which is equivalent to

2(1-7)

fh=r= B—A+/(B—A2+4B2(1- )

The condition T'(—1) > 0 is equivalent to

(B—A)*?*—2(1 - B)(B— A)(1— B**)r +2(1 - 3)(1 — B**)(1 — ABr?)

—(1-8H1—-B**)?—(B—-A)**>0
or

2(1—B)[—(B—A)r+ (1 —ABr*)] > (1 - 3% (1 - B*r?).
Therefore
1> (B(1+8)—24)r+ 8.

Also, T'(z) > 0 implies

- ape (U0 B oy - - ey (- LB

+2(1 - B)(1 = B**) (1 — ABr?) — (1 - 81 — B**? — (B—-A)** >0

44



which yields
A+ B(1-28) >2B%*1 - p)r’.

For A, B€R, A< Band |B|<1,let Ry, Ry and Rj3 be as in the hypothesis.
If Ry < Ry, then the disk (4.4.2) will be inside the parabolic region (4.4.1) if and
only if » < Ry. If Ry > Ry, then the disk (4.4.2) will be inside the parabolic region

(4.4.1)if and only if » < R3. This completes our proof. O

In the special case § = 0, the following results is obtained:

COROLLARY 4.4.1. [27] For A,B € R, A< B and |B| <1, let R, be given

by

Ry :=min< 1, 2 .
B—A+./(B—-A?2+4B2
and let Ry be the largest number in (0, 1] such that 1 > (B —2A)r for all r € [0, Ry

and Rj be the largest number in (0, 1] such that A+ B > 2B%r* for all r € [0, R3).
If f € S*[A, B], then the S,-radius is given by

Ry ifRy <Ry
Rs if Ry > R;.

R:
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CONCLUSION

e A modest attempt has been made in this thesis to introduce and study certain
classes of univalent functions defined on the unit disc U.

e Several subclasses of meromorphic functions are introduced by means of
convolution. Class relation as well as inclusion and convolution properties
are established.

e Coefficient estimate, growth theorem, covering theorem, distortion theorem,
closure theorems and radius properties are obtained for a generalized subclass
of univalent functions with negative coefficients.

e Radius of starlikeness of order «, radius of strong starlikeness and radius of
parabolic starlikeness are determined for the class S*[A, B] where A and B
are complex constants.

e Open Problem: An analytic convex function in U is necessarily starlike or

equivalently K C S*. For the meromorphic subclass, is it true that the class

ME(R) € M (h)?
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